Abstract: Starting from simple observations regarding heat flows for static black holes (or any thermodynamic system with C V = 0), we get inequalities which restrict their change in energy and adiabatic curves in the p − T plane. From these observations we then derive an exact efficiency formula for virtually any holographic heat engine defined by a cycle in the p − V plane, whose working substance is a static black hole. Moreover, we get an upper bound for its efficiency and show that for a certain class of black holes, this bound is universal and achieved by an "ideal gas" hole. Finally, we compute exact efficiencies for some particular and new engines.
Introduction
In recent times, the classic black hole thermodynamics [1] [2] [3] has been extended to include the cosmological constant Λ as a pressure through the relation p = −Λ/8π
1 . The fact that pressure is considered a dynamical variable, means that the mass of the black hole can no longer be identified with the energy, but has to be interpreted as the enthalpy [6] M = U + pV .
(0.1)
The entropy and temperature are still defined in the usual way through S = A/4 2 and T = κ/2π, where A is the area of the black hole and κ its surface gravity.
One of the consequences of considering pressure as a dynamical variable, is the appearance of its conjugate, the volume V . For static black holes, this volume is simply given by the geometrical volume occupied in space. When considering non-static black holes, such as a Kerr black hole, this is no longer true and the volume becomes a more complicated quantity [7, 8] .
In this context, the notion of holographic heat engines [9] is a natural thing to consider, by which a certain black hole is set in a thermodynamic cycle and produces work by changing its volume and pressure via dW = p dV . Quite some effort has been made to compute the efficiencies of different holographic engines. For static black holes a couple of exact results stand out, for rectangular [10] and elliptical [11, 12] cycles in the p − V plane.
In this work we generalize these results by deriving an exact efficiency formula for static black holes which holds for virtually any holographic heat engine defined by a cycle in the p − V plane. We are able to do so by making some simple observations regarding heat flows along paths. We also get some inequalities which restrict their change in energy and adiabatic curves in the p − T plane. These results allow us to set an upper bound on the efficiency of heat engines which becomes universal and dimension independent when considering static black holes in the large volume limit or with vanishing pressure at zero temperature. Moreover, we show that for this class of black holes the bound is achieved by the so-called "ideal gas" black hole [13] .
Outline This paper is organized as follows. We start in section 1 by remarking an important feature regarding heat flows along paths in the p − V plane when considering static black holes. To do so, we make use of the fact that the volume of static black holes has a simple expression. In section 2 we use the previous observations to find bounds for their change in energy and adiabatic curves in the p − T plane. We continue in section 3 by deriving an efficiency formula for practically any heat engine defined by a cycle in the p − V plane. Later, we analyze the obtained formula and comment on it most remarkable features. We check its validity by calculating the efficiencies of previously know engines to then move ahead and apply it on some new examples, showing the scope of our results. Finally, in section 4 we review the work done and comment on the difficulties facing when trying to extend this procedure to non-static black holes.
Heat flow for static black holes
In this section we discuss a remarkable feature of static black holes that will play a crucial role in our calculations. As noted in previous work [9] , since both the entropy and volume depend exclusively on r + , the radial position of the event horizon, we have that an isochoric process V = const is equivalent to an adiabatic Q = 0 (C V = 0). Therefore, the adiabatic curves for any static black hole are given by vertical lines in the whole p − V plane. We will take advantage of the simplicity and homogeneity of this result.
In this context, an interesting question arises; can we choose a reversible path in the p − V plane so that the heat flow along that path has a definite sign? To answer this question, lets consider the diagram from figure 1 in which we have plotted several vertical adiabats and two paths which deviate from them, one to each side. It is clear that the heat flow along the deviated paths is of opposite sign and different from zero, because they are not vertical. Since in the whole p − V plane the adiabats are given by vertical lines this means that any path that does not have a vertical section, by continuity cannot change the sign of its heat flow. The answer to our question is then the following; any path that can be described by a continuous function (which by definition cannot have a vertical section) will have a fixed sign for its heat flow. What about the precise sign of the heat flow in each direction? We can work this out by considering any specific path and checking its sign. Lets take an isothermic process going to the right on the p − V plane. The heat exchanged in this case can be written as
where T 0 is the temperature of the isotherm and we have used that the entropy is proportional to the area of the black hole. Now we notice that for static black holes, if the volume of the black hole increases so does its area, which means that if the isotherm is covered from left to right, V 2 > V 1 so that A 2 > A 1 and therefore Q T 0 > 0. 3 We can then conclude the following; any path in the p − V plane described by a continuous function f (V ) and going from left to right, will have a positive heat flow into the system. If the path is covered in the opposite direction we will have the inverse behavior. This property will turn up having very deep and interesting consequences. It should be noted that we have strongly used the properties of static black holes to derive it.
Before moving on, we write an expression for the heat flow along a reversible path described by a function f (V ) and connecting two arbitrary states. Using the first law we have
where W is the work done by the black hole. Since the path is reversible, we can calculate it by integrating dW = f (V )dV , so that we find
where we have defined the average pressure along the path and ∆ as the difference between the final and initial state. Writing the work contribution in this manner will prove to be very natural and useful in our following calculations. Note that in general we can write the internal energy in terms of the mass of the black hole using (0.1).
General constraints for static black holes
In this section we use the property previously discussed to find interesting and useful inequalities satisfied by static black holes.
We start by considering a path described by a function between any two points in the p − V plane, so that the heat flow is given by (1.1). If we take the path from left to right, the heat flow will be non-negative, so that we find
where we have allowed for the path to have vertical sections as long as it does not change its direction. Notice that the vertical sections do not contribute to the average pressure 4 . We can also consider the same situation but for a path going in the opposite direction. In that case, we will obtain the same relation because both ∆U and ∆V get a minus sign and p is unchanged. This means that the inequality (2.1) holds for any two points in the p − V plane.
Notice that the right hand side is path dependent and the left side not. Since the inequality must hold for any path, we can choose a specific path which makes the most restrictive bound on the internal energy. Since the minimum pressure allowed by any thermodynamic system is be given by p(T = 0, V ), it means that the critical path that will minimize the average pressure will be the one from figure 2. Figure 2 . Path between two arbitrary states which minimizes the average pressure. The dotted line corresponds to the pressure of the system at zero temperature p(T = 0, V ). Notice that this will always be a non-increasing function of the volume for stable thermodynamic systems.
Since the vertical sections do not contribute to the average pressure, the most restrictive version of (2.1) is given by
We therefore get this interesting inequality which holds for any static black hole. Further on, it will turn out being a key ingredient to find an upper bound for the efficiency of holographic heat engines. An interesting case of this inequality is when considering static black holes in the large volume limit or with p(0, V ) = 0. For this class of black holes, the right hand side vanishes and (2.2) simplifies to
We can now take an AdS black hole in the limit of large volume, usually referred as an "ideal gas" black hole [13] . This black hole has a mass given by M = pV , so that from (0.1) its internal energy vanishes U = 0 and therefore (2.3) becomes an equality. Notice that this black hole has the particular property that Q = W for every thermodynamic process.
The bound (2.3) also becomes interesting when considering two states infinitesimally close to each other, so that we get a directional derivative instead. In particular, we can consider two points that have the same pressure and write the inequality in terms of the mass, so that (2.3) becomes
Remarkably, this inequality can be integrated exactly using some of the usual thermodynamic tricks. Writing the differential of the mass (0.1) in terms of the variables (p, V ) we find
where in the second equality we have used one of Maxwell's thermodynamic relations. Noticing that S = const is equivalent to V = const, we can integrate and find
where this holds for adiabatic paths and static black holes in the large volume limit or with p(0, V ) = 0.
To understand this relation we consider an "ideal gas" black hole where we get an equality instead. In this case, the adiabatic vertical lines in the p − V plane are directly mapped to linear curves in the p − T plane with slope p 0 /T 0 and passing through the origin. If we instead consider any other system, inequality (2.4) provides a bound for the adiabatic curves in the p − T plane.
Notice that despite of the fact that the adiabatic curves in the p − V plane are extremely simple, their shape in the p − T usually are not, since the equation of state p = p(T, V ) might be complicated for an arbitrary static black hole.
Efficiency of holographic engines
The efficiency of an engine is defined as η = W/Q h , where W is the work done throughout a cycle and Q h the heat flow into the system. Usually, one of the difficulties when calculating η for an arbitrary substance and cycle in the p − V plane, is the fact that it is not easy to keep track of the signs of the heat flows along the paths. This is mainly because the adiabatic curves of the thermodynamic substance under consideration are usually non-trivial.
However, when considering static black holes, everything gets simplified since they have the simplest adiabatic curves of all; vertical lines in the whole p − V plane. As discussed thoroughly in section 1 this means that paths going to the right have positive heat flow and to the left negative, meaning that it is trivial to keep track of the signs of the heat flow along the cycle.
In the following, we will derive an exact efficiency formula for practically any heat engine defined by a cycle in the p − V plane. To do this, we consider a heat engine defined by the cycle of figure 3 . The engine consists of two isochors (adiabats) and an upper and lower path given by any pair of functions f h and f c . We are actually considering a family of engines, determined by the freedom to choose these functions and the pressure and volume of the points 1 − 4. Practically any reasonable heat engine can be obtained from the cycle considered in figure 3 . Notice that there is a positive heat flow Q h into the engine only along the upper path, and a negative Q c only along the lower one. These heat flows can be written from (1.1) as
where the subscript h and c corresponds to the average value of f h and f c respectively. To write the efficiency η = W/Q h we use that W is given by the area enclosed by the cycle, which can be written as
Using this, together with (3.1) in η = W/Q h , we find the following formula for the efficiency of our engine
where ∆ is taken as the difference between the states 1 and 2, and we have written the internal energy explicitly in terms of the mass of the black hole using (0.1). This formula holds for any static black hole and heat engine of the type given by figure 3.
Analysis of the result
In order to correctly understand the efficiency relation (3.3) it is important to keep in mind the difference between the specific working substance (black hole) under consideration and the characteristics of the heat engine, which is completely defined by the cycle in the p − V plane. In this case, the heat engine from figure 3 is defined entirely by the pressure and volume of the points 1 − 4, and by the upper and lower paths. The first interesting feature of (3.3) is the fact that its dependence on the particular black hole under consideration is extremely simple and only given by ∆M . Every other factor depends on the characteristics of the engine. This means that if there are two distinct black holes that have the same value of ∆M , then their efficiency will be the same.
An example in which this happens is when we considering an asymptotically AdS charged black hole and the same black hole but with a Gauss-Bonnet sector. If the space-time dimension is equal to five, their masses only differ in a constant value [13] , which means that they will have the same ∆M and therefore the same efficiency on any engine. It is curious that this behavior occurs exclusively for the five dimensional case.
Following the work previously done in [11, 14] , the efficiency formula (3.3) also gives a very clear procedure for benchmarking black holes engines. It is enough to compare the value of ∆M ; black holes with lower ∆M will have larger efficiencies. Now lets try to find an upper bound for the efficiency. From (3.3) we see that the efficiency is maximum, whenever ∆(M − pV ) = ∆U is minimum, which means that we can use inequality (2.2) and find
This is an upper bound which holds for any engine and static black hole. It would be even more interesting to get an upper bound which is independent of the black hole under consideration. We can do this by restricting ourselves to black holes in the large volume limit or with p(0, V ) = 0. In those cases, we get p T =0 = 0 and the upper bound becomes
which is simply the efficiency of an "ideal gas" black hole. We have then found a universal upper bound for the efficiency, independent of the spatial dimension, which holds for any heat engine defined by a cycle in the p − V plane as described in figure 3 . Finally, lets analyze the dependence of (3.3) with the characteristics of the engine. Notice that apart from the coordinates of the four points, the formula only depends on the averages of the upper and lower paths f h and f c . On top of being rather simple, this means that two very different engines will have the same efficiency as long as their averages along those paths is the same. In figure 4 we draw some examples of engines which have the same efficiency despite of being radically different. This is a non-trivial and remarkable behavior.
This result is unusual and seems to contradict the intuition we could have from usual thermodynamics. For instance, lets consider a fixed black hole and an engine A in which the upper and lower paths are taken as isotherms. In this case, we know the efficiency is maximum and equal to Carnot's η A = 1−T c /T h . Next, we consider another engine B so that the mean pressure along the upper and lower path is the same as in engine A but are not isotherms. In this case, our formula tells us that the efficiency of B will be the same as A, η B = 1 − T c /T h . Does this mean engine B is as good as a Carnot engine without actually being one? This is something explicitly forbidden by the second law. To resolve this apparent problem, we notice that engine B has to be in contact with more than two temperature reservoirs in order to perform the upper and lower paths. This means that the Carnot efficiency for engine B will be given by η car B = 1 − T c /T h where T h and T c are the hottest and lowest temperatures engine B is in contact with. Since the average pressure along the paths has to be the same as in engine A we have T h > T h and T c < T c so that η car B > η B and there is no contradiction with the second law.
Some aplications
We can now apply the efficiency formula (3.3) to particular heat engines. Lets start by considering some previously know examples, as a consistency check for our calculations.
Rectangular engine:
We can get a rectangular engine from the cycle in figure 3 by taking p 1 = p 2 , p 3 = p 4 and the upper and lower path as isobars, which means that the average pressures are given by p h = p 1 and p c = p 4 . Using this in the heat expressions (3.1) and (3.2) and writing everything in terms of the black hole mass we find
which is the same result as in [10] . If we consider the "ideal gas" case in (3.4) we get
which is in agreement with the calculations in [9, 13] .
Elliptical engine:
To get an elliptical engine from the general cycle in figure 3 , we consider p i = p for i = 1, ..., 4, and the upper and lower paths as half ellipses centered at ((V 1 + V 2 )/2, p).
We take the horizontal radius of the ellipses as R v = (V 2 − V 1 )/2 and the vertical one as R p . The average pressures can be computed easily so that we find
Using this in equation (3.3) we get the efficiency of an elliptical engine 5) which agrees with the relation found in [12] , and in [11] for the ideal gas case. We can also compare this formula with the numerical calculations done in [11] , where the efficiency of a circular engine was calculated for three different types of static black holes. We find agreement with their results to the third significant figure and a percentile difference smaller than 0.4%. Having checked the efficiency formula (3.3), we are now in a position to use it on new holographic heat engines.
Axially symmetric engine:
There is an interesting feature of the efficiency formula for an elliptical engine (3.5); it only depends on the ratio of ∆M and the area enclosed by the engine, which is equal to the work. Are there any other types of engines which display this behavior? To answer this, we consider a cycle that is symmetric with respect to a horizontal axis passing through its center. In figure 5 we see an engine of this type. Comparing with the general cycle of figure 3 we can get this engine by taking p i = p for i = 1, ..., 4, and fixing the lower path by f c (V ) = 2p − f h (V ), so that the cycle is axially symmetric. The upper path is given by any function f h . A quick calculation shows that the average pressures are given by
Using these relations in the efficiency formula (3.3) we find
which provides a nice generalization of equation (3.5).
Triangular type engine:
Another interesting and simple engine is given by considering the axially symmetric engine from figure 5, but taking either the upper or lower path as an isobar. When the isobar is taken along the lower path we will regard the triangular engine as being positive (+), while name it negative (−) when it is the other way about. For a positive triangular engine the average pressures can be written as
Notice that if we compare with the expression (3.6) for p h there is only a difference in a factor of two because in this case the cycle is half the size. Using these relations in (3.3) we get the efficiency for a positive triangular engine
If we now consider a negative triangular engine the average pressures are given by
so that the efficiency (3.3) is equal to
This expression is particularly simple due to the fact that the upper path, which is the only part which contributes to Q h , is an isobar. We could continue calculating efficiencies for many other engines, but at this point we decide to stop, since the main features and techniques of the procedure have already been exposed.
Closing remarks
In this work, we have exploited the fact that static black holes have very simple adiabatic curves to derive interesting inequalities and an exact efficiency formula for holographic heat engines. Additionally, we obtained an upper bound for this efficiency and showed that it becomes universal and dimensional independent for black holes in the large volume limit or with p(T = 0, V ) = 0. For this class of black holes, we obtained that the bound is achieved by an "ideal gas" black hole. Moreover, we found an equivalence relation between seemingly very different engines as far as their efficiency is concerned, since heat engines like the ones from figure 4, end up having the same efficiency. The derived inequality (2.2) is intriguing due to its generality and it would be interesting to continue studying its consequences.
A natural question that arises is whether these methods can be extended to include non-static black holes. The difficulty facing when wanting to make progress in this direction is the fact that there is no general formula for the adiabatic curves of nonstatic black holes. This means that the simple observation that paths going to the right have a positive heat inflow is not valid anymore. Then, if we try to calculate the efficiency of an engine like the one from figure 3, the upper and lower paths may have sections with positive and negative contributions of heat, so that we are unable to keep track of the directions of the heat flows and get expressions for Q h or Q c . Nevertheless, it would be interesting to try to calculate the adiabatic curves for a simple non-static black hole and try to apply a similar procedure.
